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Abstract 
We give a triangulability criterion for derivations of k[X, Y, Z]. As an application, we 
give an example of two locally nilpotent derivations D and T of k[X, Y, Z], where T 
is triangulable but D is not, with equality of the ideals of fixed points: (DX, DY, DZ) = 
(TX, TY, TZ). 
1991 Math. Subj. Class.: 14L30 
Introduction 
Throughout this paper, k is a field of characteristic zero and R = kt”], with n = 3 
at some places (if B is an A-algebra then the notation B = A[“] means that B is 
A-isomorphic to the polynomial ring in n variables over A). A coordinate system of R is 
an ordered n-tuple (X1, . . . ,X,) of elements of R such that k[Xr, . . . ,X,1 = R. 
A k-derivation D : R + R is locally nilpotent if for each x E R there exists an integer 
s > 0 such that D”(x) = 0; D is triangulable if there exists a coordinate system 
(X1, . . . ,X,) of R such that D(X,)sk and D(Xi)Ek[Xi, . . . ,X,-J for 2 I i I n. 
Note that all triangulable derivations are locally nilpotent. 
As is well known, to give a locally nilpotent derivation D of R is equivalent o giving 
an algebraic action CI of G,(k) on the affine space AC (given t E k, let cc(t) :A” --f A” be the 
map determined by the automorphism exp(tD) of R). Under that correspondence, 
triangulable derivations correspond to triangulable actions and, moreover, the set of 
fixed points of ~1 isthe closed set defined by the ideal (DR) of R (i.e., the ideal generated 
by the image of D). This motivates: 
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Definition. Let B be an integral domain of characteristic zero and let D : B + I3 be 
a locally nilpotent derivation. Then the closed subset V(DB) of Spec B will be denoted 
Fix(D), and will be called the set ofjxed points of D. 
The first example of a non-triangulable Go-action on an affine space was given by 
Baas in [l]. Since then, some attempts have been made to find triangulability criteria 
for derivations, and in particular to relate triangulability to some properties of fixed 
points (see 5,7,4). It was shown, for instance, that if D is a triangulable derivation then 
its set of fixed points must be cylindrical and satisfy other conditions. In fact, to prove 
that a given derivation D is non-triangulable, one usually shows that the fixed points 
of D cannot be those of a triangulable derivation. It is therefore natural to ask: Does 
the set ofjxed points contain enough information to decide whether the derivation is 
triangulable?’ Our Example 3.5 answers this negatively when n = 3. Indeed, we give 
two derivations D and T of k[X, Y, Z], where T is triangulable but D is not, and 
where we have equality of the ideals (TX, T Y, TZ) = (DX, DY, DZ). We stress that 
this means that T and D have the same fixed points in the strongest possible sense: if 
Fix(D) and Fix(T) are regarded as closed subschemes of A3, i.e., the subschemes 
determined by the ideals (DR) and (TR), respectively, then these subschemes are equal. 
Section 3 gives triangulability criteria for derivations of k[X, Y, Z], in the form of 
necessary and sufficient conditions. First Corollary 3.3 reduces the general problem to 
the special case of irreducible derivations; then Corollary 3.4 solves that special case. 
Example 3.5 is obtained as an application of Corollary 3.4; the relative ease with 
which this example is settled supports the claim that our criteria are usable. 
All results of Section 3 are corollaries of Theorem 2.5, which asserts that all locally 
nilpotent derivations of kL31 are rigid. The notion of rigidity is defined and investigated 
in the second section. Finally, we note that the proof of Theorem 2.5 and of the other 
results of this paper make substantial use of [3]. 
1. Preliminaries 
We gather here some definitions and results that will be needed. 
Throughout this paper, all rings are commutative and have a unit element. If A is 
a ring then A* is the group of units of A; if aEA then A, = S-‘A with 
S=(l,a,a’, . . . }, and if p is a prime ideal of A then Ap = S- ’ A with S = A\p. 
Let B be an integral domain of characteristic zero. By a derivation “of B” or “on B”, 
we mean a derivation going from B to B. A derivation D of B is irreducible if the only 
principal ideal of B containing the image of D is B itself (or equivalently, if D is not of 
the form ctD’ with u a nonunit element of B and D’ a derivation of B). If B is a UFD, 
then every nonzero derivation of B has the form aDO where CXE B and DO is an 
z This question is a variation on a comment made by Snow in [7], p. 169. 
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irreducible derivation of B; moreover, M and Do are unique, up to multiplication by 
units of B. A derivation D of B is locally nilpotent if for each XEB there exists an 
integer s > 0 such that D”(x) = 0. If this is the case, then it can be shown that 
B* E ker D; in particular, if B is a k-algebra then all locally nilpotent derivations of 
B are k-derivations. 
See [4] for Definition 1.1 and 1.2: 
Definition 1.1. Let D be a k-derivation of R = k[“l. The rank of D is the least integer 
r 2 0 for which there exists a coordinate system (X1, . , . ,X,) of R satisfying 
k[Xr, . . . ,X,_,] c ker D. 
Remark. A recent example of Gene Freudenburg shows that, for each n > 2, locally 
nilpotent derivations of rank n exist on k[“]. 
1.2. Let D be a k-derivation of R = k[“l of rank 1, and let (X1, . . . ,X,) be a coordinate 
system of R satisfying k [X,, . . . , X, _ i] E ker D. Then: 
1. ker D = k[XI, . . . ,X,-J; 
2. D is locally nilpotent if and only if DX, E ker D. 
Locally nilpotent derivations of rank at most 2 are described in the third section of 
[3]. We summarize some of the results of that paper in Definition 1.3 and paragraphs 
1.4-1.6: 
Definition 1.3. Given a coordinate system y = (X1, . . . , X,_ 2, Y, 2) of R = krnl and an 
element PER = k[X1, . . . , X, _ 2, Y, Z], define a k-derivation Ai : R --f R by 
a a 
A::= -P~Z~+P,~. 
1.4. In Definition 1.3, if P is a variable of k(X1, . . . ,X, _ *) [Y, Z] and 
gcdn(Pr, Pz) = 1 then Ai is an irreducible locally nilpotent derivation of R of rank 
1 or 2. 
1.5. Let D # 0 be a locally nilpotent derivation of R = k[“l of rank at most 2, and 
let y =(X1, . . . , X,_ 2, Y, Z) be any coordinate system of R satisfying 
k[XI, . . . ,Xn_-l] s ker D. Then: 
(1) kerD = k[XI, . . . , X, _ *, P], for some PER. 
(2) If PER satisfies (1) then P is a variable of k(X,, . . . ,X, _ 2) [Y, Z], 
grdR(Py, Pz) = 1, and for some nonzero element CI of ker D we have D = aA; (where 
A: is irreducible and locally nilpotent by 1.4). 
(3) If D is irreducible then, for some PER satisfying (l), we have D = A;. 
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1.6. For a locally nilpotent derivation D of R = k[“l of rank at most 2, the following 
are equivalent: 
(1) Fix (D) = 8; 
(2) the image of D contains a unit of R; 
(3) D is irreducible and of rank 1. 
We will also need the notion of residual variable: 
Definition 1.7. Suppose B = A[“]. A variable of B over A is an element b E B which 
satisfies B = A[b, bl, . . . , b,] for some bz, . . . , b, E B.3 A residual variable of B over 
A is an element bE B such that, for each p~Spec A, the image of b in K(P) OA B is 
a variable of K(P) @‘A B = I@)[“~. Here K(P) denotes the field Ap/pAp. 
The following is a part of Theorem B of [2], with a different notation: 
1.8. Let A be a noetherian ring such that either A contains thefield of rationals or Ared is 
seminormal. Let B = Af2] and b E B. Then: 
b is a variable of B over A o b is a residual variable of B over A. 
2. Rigidity of a derivation 
We denote by T(R) the set of coordinate systems of R. Given a k-derivation D 
of R of rank r, let T,(R) be the set of (X1, . . . , X,)E T(R) satisfying 
k[X,, . . . ,X, _ ,] c ker D. Then we may give: 
Definition 2.1. Let D be a k-derivation of R = k[“l of rank r. We say that D is rigid if 
k[Xl, . . . ,X,-,1 = k[X;, . . . ,X;_,] 
holds whenever (Xi, . . . ,X,) and (Xi, . . . ,X:) are members of I’,(R). 
It is trivial that derivations of rank 0 or n are rigid, and 1.2 implies rigidity for 
derivations of rank 1. We record: 
2.2. If D is a k-derivation of kt”] of rank 0, 1 or n, then D is rigid. 
Definition 2.3. Let B be a domain of characteristic zero, D : B -+ B a locally nilpotent 
derivation of B, A = ker D, and let x: Spec B + Spec A be the morphism determined 
3 When A is a field we may simply speak of a variable of B, with no mention of A, because A is determined 
by B (A = {O}uB*). 
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by the inclusion map A 4 B. Given a prime ideal u E Spec A, let K(U) denote the field 
A,/aA,. Then the fibre x-‘(a) is, in a natural way, a scheme over ~(a). We define 
W(D) = {a E Spec A I n-‘(a) # A$,,} 
= {ct E Spec A 1 ~(a) BA B # ~(a)[‘~}. 
We will also consider the closure 8(D) of W(D) in Spec A. 
Remark. In the above definition, if D = 0 then W(D) = a(D) = Spec A. If D # 0, and 
if we assume that B contains the field of rationals, then (as is well known) there exists 
a E A\(O) such that B, = (A,) [‘]- thus &(D) is contained in the proper closed subset ,
V(u) of Spec A. 
Having given those general definitions, we now specialize to derivations of kr3]. 
Lemma 2.4. Zf D is a locally nilpotent derivation of R = kE31 of rank 2, then 
(1) dim&!(D) = 1. 
(2) Let 5 be an irreducible element of A = ker D such that V(t) is an irreducible 
component of w(D). Then, for every (X, Y, Z)ET~(R), k[X] is the integral closure of 
k[<] in R. In particular, D is rigid. 
As an immediate corollary of 2.2 and Lemma 2.4, we obtain 
Theorem 2.5. All locally nilpotent derivations of kL31 are rigid. 
Proof of Lemma 2.4. Let y = (X, Y, 2)~ T,(R). Since D is locally nilpotent and 
rank D = 2, 1.5 implies that 
A = k[X, I’] (1) 
for some PER which also satisfies 
P is a variable of k(X)[Y, Z]. (2) 
Note, moreover, that if P were a variable of R over k[X] (which means that 
R = (k[X]) [P, Q] for some Q) then (1) and the definition of rank would imply that 
rank D = 1, contradicting one of our assumptions. Thus 
P is not a variable of R over k[X]. (3) 
By (2), there exist h E k[X] \(O} and Q E R such that Rh = (k[X],) [P, Q]. In particu- 
lar, RI, = (A,,)[” and consequently W(D) is disjoint from the open subset Spec Ah 
of Spec A. 
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Hence 
w(D) c V(h) for some hEk[X]\{O), (4) 
which shows, in particular, that dim 8(D) I 1. 
We now show that dim g(D) > 0. From (3) and 1.8, we see that P is not a residual 
variable of R over k[Xl. In view of (2), this means that there exists a nonzero prime 
ideal p of k [X] satisfying the following condition: write 
n=k[Xlp/pk[X]p=k[X]/p and it=~l/i~,~R=R/pR=~l~~~, 
and given r E R let f denote its image in 17, then we require that p satisfies 
(5) 
- - 
P is not a variable of R = A[Y, Z]. (6) 
We claim that the prime ideal tl =pA of A belongs to B(D). First, notice that the 
inclusions k [X] %A 4 R given rise to A 4 A/a 4 8, where A/a = A [P] c 8. 
Thus the residue field rc(a) = qt(A/cr), which is used in the definition of W(D), may be 
identified with the subfield A(P) of qt(R), and the @)-algebra z(a) Oa R may be - - 
identified with the A(P)-algebra A(P) [Y, Z] c qt(R). - - 
So K(a) gA R = K(a)[‘] o P is “generically a line” (i.e., A(P) [Y, Z] = A(P)[‘l); as is 
well-known (see 2.4.2 of [6] for instance) P is generically a line if and only if it is 
a variable of A[Y, Z], which is not the case by (6). Hence a E%!(D) and assertion (1) 
follows from this. 
Finally, if 5 is as in assertion (2) then V(e) E V(h) by (4), so l is a prime factor 
of he k[X]. It follows that k[[] c k[X], and that k[X] is the integral closure of k[r] 
in R. 0 
3. Triangulable derivations of kL31 
Throughout this section we let R = kt31, where k continues to be an arbitrary field 
of characteristic zero. 
Definition 3.1. Let D be a k-derivation of R = k[‘l. 
(1) D is triangular, with respect to a coordinate system y = (X, Y, Z)eT(R), if 
DXEk, DYEk[X] and DZEk[X, Y]. 
(2) D is triangulable if it is triangular with respect o some y E T(R). 
The aim of this section is to give a triangulability criterion for k-derivations of R. 
We point out that we may restrict ourselves to locally nilpotent derivations of rank 2. 
In fact, the following is well known and easy: 
3.2. Let D be a k-derivation of R = kf31. 
(1) If D is triangulable, then it is locally nilpotent and has rank at most 2. 
(2) If D is locally nilpotent and rank D I 1, then D is triangulable. 
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The usual strategy, for constructing a non-triangulable locally nilpotent derivation 
of kt”], is to start from a triangulable derivation D and multiply it by a cleverly chosen 
element c1 of ker D. We make two comments about this strategy: 
l Some non-triangulable locally nilpotent derivations cannot be obtained in this way. 
Indeed, 4.3 of [3] is an example of a non-triangulable locally nilpotent derivation of 
kt31 which is also irreducible; 3.5, below, is another such example. 
l When n = 3, it is no longer needed to be clever when choosing ~1: Corollary 3.3, 
below, tells us exactly how to do it. 
Corollary 3.3. Let D be a k-derivation of R = kf31 of rank 2. 
(1) Zf D is not triangulable then, for all nonzero a E ker D, aD is not triangulable. 
(2) Suppose that D is triangular with respect to (X, Y, Z)ET(R). Then for all 
aE ker D we have: 
aD is triangulable o a E k [Xl. 
Proof. Only “ * ” of part (2) requires a proof. Suppose that D is triangular with 
respect o y = (X, Y, Z), and that aD is triangulable. Note that we may assume that 
a # 0. Let y’ = (X’, Y’, Z’)E~(R) be such that aD is triangular with respect o y’. 
Since aD(X’)Ek ,and a # 0, we have D(X’)ek; since the condition D(X’)Ek* 
implies rank D = 1 by 1.6, we actually have D(X’) = 0. Similarly, D(X) = 0. Hence 
y and y’ are two members of T,(R); since D is rigid by Theorem 2.5, we obtain 
k[X’] = k[X]. 
Note that D(Y’) # 0, for otherwise D(X’) = 0 = D(Y’) would imply that rank D 
= 1, which is false. Thus the condition aD( Y’) E k[X’] implies that a E k[X’] = 
U-U. •I 
In view of the above result, the real question is: Let D be a locally nilpotent 
derivation of R, and assume that D has rank 2 and is irreducible. How does one decide 
whether D is triangulable? Corollary 3.4, below, answers this question. 
Remark. The following terminology is used, in the second condition of Corollary 3.4. 
Let A be a ring, let B = Ar21, and let D : B -+ B be an A-derivation. We say that D is 
triangulable over A if there exist bl, b2 EB such that B = A[bI, b,], DbI EA and 
Db2EA[bI]. 
Corollary 3.4. Let D be an irreducible, locally nilpotent derivation of R = kL31, of rank at 
most 2. Let y = (X, Y, Z)ET(R) be such that DX = 0 and write D = A$ as in 1.5. Then 
the following are equivalent: 
(1) D is triangulable; 
(2) D is triangulable over k[X]; 
(3) there exists a variable Q of R ouer k[X] such that k(X) [P, Q] = k(X) [Y, Z]. 
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Proof. It is obvious that (2) implies (l), and the equivalence of (2) and (3) is a special 
case of Lemma 2.8 of [3]. We prove that (1) implies (2). 
Suppose that D is triangulable. If rank D = 1 then, by 1.2, R = k[X, P, Q] for some 
Q, and DQ E ker D = k[X, P]. Thus D is triangular with respect to (X, P, Q) and, 
consequently, triangulable over k [X]. 
So we may assume that rank D = 2. Consider (X’, Y’, Z’)ET(R) such that 
DX' E k, DY’ e k[X’] and DZ’ E k[X’, Y’]. As in the proof of Corollary 3.3, we 
observe that DX’ = 0. Thus (X’, Y’, Z’) and (X, Y, Z) are two members of r,(R). 
Since D is rigid by Theorem 2.5, we obtain k [X’] = k[X]; since D is triangulable over 
k[X’], (2) holds. 0 
Example 3.5. Choose y = (X, Y, Z)ET(R) and define P = Y + $(XZ + Y*)*. Then 
P is a variable of k(X) [ Y, Z] and 
Py = 1 + Y(XZ + Y2), Pz = 3X(XZ + Y 2) 
are relatively prime in k[X, Y, Z]. By 1.4, the derivation D = Ai is locally nilpotent, 
irreducible, and has rank at most 2. Using Corollary 3.4, we now show that D is not 
triangulable. 
Suppose that D is triangulable. Then by Corollary 3.4, there exists a variable 
Q of R over k[X] which satisfies k(X) [P, Q] = k(X)[Y, Z]. Thus k(X) [P, Q] = 
k(X)[P, XZ + Y*] and consequently Q = n(XZ + Y*) + g(P) for some A.ek(X)* 
and g(W) E k(X)[W], where W is an indeterminate. Multiplying by a suitable element 
of k(X)* yields 
uoQ = a, (XZ + Y “) + G(P), (7) 
where ao, arEk[X]\(O}, G(W) = Cfzo riW’ (YiEkCXl) and 
gcWo, ~1, ro, . . . ,rJ = 1 in k[X]. (8) 
Since Q is a variable of R over k[X], it follows that Q = Q(0, Y, Z) is a variable of 
k[Y, Z]. Moreover, evaluating (7) at X = 0 yields 
uo(0)Q = Ul(O)Y2 + G(Y + bY4), (9) 
where we write G = Cri(O)W’Ek[W]. 
If ~~(0) = 0 then (9) yields al(O) = 0 and G = 0, contradicting (8). So ~~(0) # 0 and 
ur(O)Y* + G(Y + ;Y”) is a variable of k[Y, Z], which is absurd. 
Hence D is not triangulable. 
An interesting observation is that there exists a triangulable derivation T of R such 
that (DR) = (TR). Indeed, define T by TX = 0, T Y = X and TZ = 1 + Y 3, then 
(TR) = (X, 1 + Y 3, = (DR). 
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